A probabilistic Bell's theorem on a Bell basis is presented by using local hidden variable theories. It not only has a similar logical structure to Bell's proof of the original Bell's theorem with inequalities, but also allows us to derive an experimentally testable probabilistic equality, which is violated by quantum mechanics in 50%. Our proof is not only simple mathematically but also can be easily translated into real experiments more than the GHZ-type proof of Bell's theorem without inequalities. Therefore, it can be viewed as a suitable version of "nonlocality without inequalities" on a Bell basis.
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Bell's theorem [1] ruled out various kinds of local hidden variable theories. It exhibits the inseparability for two observers on maximally entangled states [2] (also known as "Bell states") of two-qubit systems, through violating an inequality which generally is known as Bell's inequality. Recently, based on "elements of reality" as defined by Einstein, Podolsky, and Rosen (EPR) [3] , Bell's theorems without inequalities [4, 5, 6, 7, 8, 9, 10] are presented. However, on one hand, the proofs (GHZ-type proofs, as called in [9] ) of these Bell's theorems without inequalities exhibit a different logical structure to that of the original Bell's theorem using inequalities. They argue by contradiction that the existence, predicted by quantum mechanics, of certain perfect correlations between results of spacelike separated measurements cannot be reproduced with any local model based on EPR's criterion of elements of reality. On the other hand, unlike the Bell's inequality, they all are not valid for one Bell basis, albeit there have been Hardy's version [6, 7] for one nonmaximally entangled state and Cabello's version [8, 9] for two Bell bases. More recently, Z.B.Chen et al. [11] provided a GHZ-type proof by making using of two photons which are maximally entangled both in polarization and in spatial degrees of freedom, but it was not for a Bell basis yet.
Hence, there is a gap between the Bell's proof and the GHZ-type proof. This curious feature has led to several attempts to develop a Hardy-like approach for maximally entangled states of two qubits. However, so far none of these proposals has worked [8] . It seems that by using the GHZ-type proof one cannot obtain a suitable version of Bell's theorem without inequalities for a Bell basis.
In this paper, a probabilistic Bell's theorem for a Bell basis is proposed by using the local hidden variable theories. The argument is based on that since the certain perfect correlations (with certainty) predicted by quantum mechanics cannot hold true with any local model, they must violate certain statements which are predicted by the local hidden variable theories. Consequently, we may obtain the corresponding equalities with probabilities along with the predictions of the local hidden variables theories, which are violated by quantum mechanics. This new approach not only has a similar logical structure to Bell's proof of the original Bell's theorem, but also allows us to derive an experimentally testable probabilistic equality using only one Bell basis, which is violated by quantum mechanics in 50%. Therefore, the probabilistic Bell theorem can be viewed as a suitable version of "nonlocality without inequalities" of the original Bell's theorem on a Bell basis.
As usual, the physical system we consider is composed of two nonidentical spin-1 2 subsystems, for example, an electron and a positron. We write |0 > A and |1 > A (|0 > B and |1 > B ) respectively for the spin-up and the spin-down state of the electron (the positron). We assume that the electron and the positron, after a period of mutual interaction, fly away in opposite directions, thus becoming completely separated and no longer interacting. Let us suppose that the source emits the electron and the positron so that the initial state is
where |01 > AB = |0 > A ⊗|1 > B and similarly for |10 > AB . Denote by A = σ zA , B = σ zB and AB = A ⊗ B. It is easy to check that
It is well known that (2) indicates a sort of nonclassical inseparability for two subsystems, which is predicted by quantum mechanics. It stands that an observation on one subsystem make instantaneously certain the result of an analogous future measurement on the other subsystem, no matter how far it is and without in any way interacting with it. However, one concludes from the local hidden variable theories that equality (2) holds true only in probability 1 2 against that with certainty as predicted by quantum mechanics. Indeed, according to the local hidden variable theories, in the quantum state |ϕ > AB , the two subsystem S 1 (the electron) and S 2 (the positron) are spatially far apart, so that there is no mutual interaction, the value of A as a physical quantity in the total system becomes independent of B as a physical quantity in total system, and vice versa. This independence reflects a notion of causality and conforms to common sense, as pointed out by Einstein [12] that: "But on one supposition we should, in my opinion, absolutely hold fast: the real factual situation of the system S 1 is independent of what is done with the system S 2 , which is spatially separated from the former."
Since the state of the compound system determines the states of the subsystems, writing ρ A and ρ B for states of the electron and of the positron, we have
As usual, Alice has access to the electron as an observer who makes measurements along the z-axis, while Bob has access to the positron as another observer who also makes measurements along the z-axis. By (3), the outcomes of Alice's measurements are
and their probabilities are both 1 2 , that is, A takes values 1 and −1 in the same probability 1 2 . Similarly, for Bob the outcomes are
and B takes values 1 and −1 in the same probability 1 2 . Since Alice's measurements are independent to Bob's measurements, the outcomes of measurements of both Alice and Bob are
Therefore, the probability of AB taking value −1 is that
That is,
holds true in probability 1 2 , as predicted by the local hidden variable theory. Thus, from equality (2) we conclude that (7) as predicted by the local hidden variable theories is violated by quantum mechanics in 50%.
Compared to Bell's theorem without inequalities of the GHZ-type proof, the probabilistic Bell's theorem exhibits some remarkable features:
(A) The formulation of the probabilistic Bell's theorem is mathematically simpler not only than that of Bell's theorem without inequalities of the GHZ-type proof but also the original Bell's theorem. This is due to the fact that our Bell's theorem is designed directly to test the predictions of quantum mechanics against those of the local hidden variable theories by making use of only one Bell basis.
(B) The proof of the probabilistic Bell's theorem is based on the independence of two subsystems in the sense of Einstein [12] , in contrast to that the GHZtype proof is by contradiction through using EPR's "elements of reality" [3] . Hence, our Bell's theorem presents a similar logical structure to that of the original Bell's theorem using inequalities. This is probably the reason why both our proof and the original Bell's one are suitable to a Bell basis but the GHZtype proof not.
(C) Since the probabilistic Bell's theorem is statistical, it can be inferred directly from the actual data even in imperfect preparations or imperfect detector efficiencies of the experiment. For example, the contradiction with (7) will appear after many runs of the experiment for equality (2) , provided the events occur in probability 80%.
However, as pointed out by Cabello [9, 10] , since usually the efficiency of real detectors does not allow us to observe the strong correlations assumed in the EPR original argument on which the GHZ-type proof is based, Bell's theorem without inequalities of the GHZ-type proof is difficult to be concluded in a "practical" laboratory realization of the experiment. Indeed, to overcome this problem, Cabello [9] proposed a corresponding Bell inequality by using probabilistic locality conditions, which is then predicted by the local hidden variable theories.
Therefore, the proof of our Bell's theorem can be easily translated into real experiments more than the GHZ-type proof of Bell's theorem without inequalities, although Bell's theorem of the GHZ-type proof works for 100% of the runs of a certain experiment.
In summary, the author has shown that the probabilistic Bell's theorem is suitable for testing the nonlocality of two observers on a Bell basis as predicted by quantum mechanics. It stands as an experimentally testable probabilistic equality, which is violated by quantum mechanics in 50%. Our proof is not only simple mathematically but also can be easily translated into real experiments more than both the GHZtype proof and the original Bell's proof. Therefore, it can be viewed as a suitable version of "nonlocality without inequalities" on a Bell basis.
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